Inhomogeneity of the $\Lambda$LTB models by Sundell, Peter & Vilja, Iiro
Inhomogeneity of the ΛLTB models
Peter Sundell and Iiro Vilja
Turku Center for Quantum Physics, Department of Physics and Astronomy, University of Turku, FIN-20014 Turku, Finland
(Dated: October 5, 2018)
The Lema´ıtre-Toman-Bondi (LTB) models have reported to suffer from incompatibility with cos-
mological observations and fine-tuning of the observer’s location. Further analysis of these issues
indicates that they could be resolved by models that are compatible with the supernova Ia data,
but less inhomogeneous than those that have been presented in the literature so far. We study if
such models exist by employing the degrees of freedom of the LTB models in a novel manner. We
discovered two scenarios which may meet the expectations, but extensive numerical and analytical
investigation showed them inviable. We extended our studies to the ΛLTB models, which generalizes
the LTB models by including a non-zero cosmological constant Λ in Einsteins equations. This adds
an additional degree of freedom for the earlier scenarios and introduces a new scenario capable of
meeting the expectations. However, extensive numerical and analytical investigation reveals that
inclusion of Λ does not enhance the viability of the models. We identify the lack of degrees of free-
dom to be the reason for the unviability. However, the method presented here can be generalized
to models including more degrees of freedom, like the Szekeres models, which have more promise to
overcome the issues in the LTB models.
I. INTRODUCTION
The homogeneous, isotropic and spatially flat cosmological standard ΛCDM model is compatible with most of the
cosmological observations [1]. Examples of incompatible observations are the anomalies in the cosmic microwave back-
ground (CMB) though their significance is still under debate [2]. Sevel authors have suggested that these anomalies
may arise due to the violation of the cosmological principle. In Ref. [3] was found that the alignment of the low
multipole anomaly is not caused by the displacement of the observer from the symmetry center in a giant Lema´ıtre-
Tolman-Bondi (LTB) void. It is hypothesized whether the anomalous cold spot could be caused by one ellipsoidal
super void or a series of consecutive smaller voids [4]. Rotating Bianchi models have been considered as a solution to
the parity-violating anomaly, but the models do not appear to contain enough rotation to do that while being com-
patible with the other cosmological observations [5]. However, this scenario is still potential, because faster rotating
models have been constructed since [6]. The list of studies executed and planned concerning the anomalies of the
CMB is vastly larger than the one presented here and is more extensively explored in Ref. [2].
In addition to the observational discrepancies, the ΛCDM model is often considered suffering from a fundamental
issue: what is the nature of the cosmological constant Λ and why its size is what it is? The Supernova Ia (SNIa)
observations made at the end of the 1990’s gives the best fit for the spatially homogeneous and isotropic models
with positive constant Λ [7, 8], but Λ is not a necessity for alternative models. For example, shortly after the SNIa
observations, a giant LTB void was proposed to explain the SNIa observations instead of the cosmological constant
[9]. A number of studies have shown that the compatibility of different types of voids with SNIa data is comparable
to that of the ΛCDM model, e.g. [10–15].
The vast number of studies have also compiled a number of problems for the LTB models. An issue of a statistic
nature is that our location in an LTB void appears to be fine-tuned close to the symmetry center of the void due to
the isotropy of the CMB and the vast size of the void; more significant dipole would exist in the CMB than observed,
if the observer were displaced from the symmetry center more than ∼ 1 % of the radius of the void [3, 12]. Issues
from the observational side arise when multiple observables are fitted simultaneously. The combined data sets of SNIa
and baryon acoustic oscillation (BAO) observations appears to be in conflict if the BAO data come from wide enough
redshift range [14–16] and the discrepancy increases if the BAO features of the Lyman α forest are included [17].
Moreover, tension between SNIa, local Hubble value and CMB have been reported [13, 15, 16] and the authors in Ref.
[18] found that kinematic Sunyaev-Zeldovich (kSZ) effect give stringent constraints for the size of the void so that the
widest and the most underdense voids are ruled out. On the other hand, the aforementioned studies have suppressed
the degree of freedom of the inhomogeneity of the bang time function by assuming it to be a constant; the benefit of
this is that the well-known homogeneous early time evolution can now be employed for the models. Inhomogeneous
bang time is a significant degree of freedom, e.g. it has been shown that the SNIa data can be modelled without
a void but using inhomogeneous bang time instead [19] and that the aforementioned incompatibility between SNIa,
local Hubble value and CMB can be removed by inhomogeneous bang time [20, 21]. Nevertheless, the simultaneous
fitting of the SNIa, the small-angle CMB, the local Hubble rate, and the kSZ effect appears to rule out the models due
to the amount of inhomogeneity [21]. We would like to draw the attention into two aspects of the above studies. The
SNIa alone and the combined SNIa, local Hubble value and CMB data appears to favor inhomogeneity while other
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2evidence points to homogeneity or moderate inhomogeneity. In addition, all the aforementioned studies employ the
degrees of freedom using ansatzes of similar type, hence the results are not general and different results may appear
with different ansatzes. Particularly, ansatzes which aim to minimize the inhomogeneity so that the model would still
remain compatible to the SNIa data have not been considered. We aim to fill this gap.
We search for less inhomogeneous LTB models compared with those usually presented in the literature by employing
the idea presented in [22]. Consider an observable emitting light at re and we measure its redshift to be ze. If we
measure the redshift of the same observable at some later time and obtain the same value ze, the redshift does not
change in observer’s time, i.e. the redshift drift is zero. The SNIa surveys measures the luminosity distance, DL, with
respect to redshift. Therefore, if the redshift does not change in observer’s time neither does the luminosity distance.
If the redshift drift remains zero, we do not know for how long the observable at re has emitted light that has reached
us with redshift ze. Hence, we do not know the age of the universe at re, albeit we can give the minimum age for a
given model and initial conditions. In the LTB models, the time of birth of the universe is described by the bang time
function tb(r), which is dependent on the coordinate distance, thus we can merely evaluate t
min
b (re) corresponding the
minimum age of the universe at re for a given model and initial conditions. If this takes place for all observables at
some range of redshift, we can evaluate the shape of tminb (r) which corresponds the minimum age of the universe for
all r at that range for a given model and initial conditions. Consequently, we have the freedom to choose the function
tb(r) as long as it does not make the universe younger than t
min
b (r) at any r in the given range. If this takes place
for an LTB model that is close to homogeneous except by the part of the bang time function (like in Ref. [19]), the
luminosity distance of the model is not affected by changing the bang time function as long as it makes the universe
older. This way we may obtain e.g. homogeneous bang time.
On the other hand, if one ignores the conceptual issues of Λ, it is straightforward to introduce the cosmological
constant into the LTB models, these models are called the ΛLTB models. These models include the ΛCDM as
a special case and therefore can be used to study the effects of radial inhomogeneity with respect to the ΛCDM
model more extensively than using the perturbation theory of the spatially homogeneous and isotropic space-times.
In addition, the ΛLTB models allow us to explore the nearly LTB cases where the cosmological constant is nearly
zero. This possibility was utilized in Ref. [24], where was evaluated which Λ value is preferred in the context of the
ΛLTB models when fitting SNIa, CMB, local Hubble, and BAO data; the Λ corresponding to the ΛCDM model was
favored though their analysis could be improved in number of ways (which they list in their conclusions). The ΛLTB
model have been used to test the Copernican principle, but the observations are not accurate enough to confirm the
principle [23]. More conservative approach was not able to rule out ∼ 15% inhomogeneity in the matter density [15].
Nevertheless, none of these studies have employed the degrees of freedom as we shall do in this paper, hence explore
these scenarios also by expanding our investigations into the ΛLTB models.
The novel manner introduced in this paper to employ degrees of freedom in the ΛLTB models can be applied into
more general inhomogeneous models, like the Szekeres models. Furthermore, it appears that the issues in the LTB
models do not simply vanish by considering more general models. It have been shown that the latter class of models
allows the observer to be displaced further away from the center of the void than the LTB models [25]. However, this
does not necessarily solve the fine-tuning issue because (at least in the quasispherical models) the locus of the observer
appears still to be fixed for each Szekeres model, it is just not fixed to be in the center of the void [26]. Hence, there
is also a need for applying the method to the Szekeres models. It can also be a cumbersome task to give ansatzes
for all the free functions in the Szekeres models and then fit the data. As our approach yields constraining equations
intrinsically, it can be used as a theoretical tool to probe more general models before data fitting procedures. The
development toward more realistic and exact models of the universe proceeds continuously. For example, in Ref. [27]
the authors have shown that the universe can be described by a mesh of pancake shaped overdensities and voids whose
evolution is physical and can be traced back to the early universe where the initial conditions match the standard
conditions in the early universe. In Ref. [28] this is result used to generalize the model in [25], where the pancakes
are ∼ 100 Mpc configurations today and are distributed around a central spheroidal void.
The paper is organized as follows. In Section II we introduce the aspects of the ΛLTB models relevant to this
work. In the following Section III we introduce the method we shall employ to reduce the inhomogeneity of the ΛLTB
models which are compatible with SNIa data. The specific models obtained by employing the method are presented
and analyzed in Section IV. The results are concluded in Section V.
We use units in which the speed of light c = 1 and km s−1 Mpc−1 = 1.
II. THE LEMAIˆTRE-TOLMAN-BONDI MODELS
The LTB models [29–31] describe an inhomogeneous but isotropic universe that obeys the Einstein equations and
is sourced by dust. Hence, the energy momentum tensor reads as Tµν = ρuµuν , where ρ = ρ(t, r) is matter density
and uµ is the local four-velocity and uµ = δµt as the coordinates are assumed to be comoving. We consider the special
3case of the model where the observer is at the origin.1 The metric in the LT model in the standard synchronous gauge
is written as
ds2 = −dt2 + R
2
,rdr
2
1 + 2e(r)r2
+R2
(
dθ2 + sin2 θ dφ2
)
, (1)
where R = R(t, r), 2e(r)r2 ≥ −1 and the subscript after comma denotes a partial derivative, Rr = ∂R(t, r)/∂r. The
evolution of the universe is described by the local scale factor R, whereas function e represents the local curvature. The
cosmological constant Λ is straightforward to include in the Einstein equations, which yield the differential equations
for the ΛLTB models:
R2,t =
2M(r)
R
+ 2e(r)r2 +
Λ
3
R2, (2)
and
κρ =
2Mr(r)
Rr R2
, (3)
where R,t = ∂R(t, r)/∂t, M(r) is an arbitrary function, κ = 8piG, and G is the Newton’s constant of gravity.
In the absence of the cosmological constant, i.e. in the case of the LTB models, the solution of Eq. (2) for positive
e(r) is
R =
M(r)
2e(r)r2
(cosh[η]− 1) , sinh[η]− η = [2e(r)]
3/2r3
M(r)
[t− tb(r)], (4)
where tb(r) is the bang time function. For e(r) = 0 the solution is
R =
{
9
2
M(r)[t− tb(r)]2
}1/3
, (5)
and for negative e(r) it is
R = − M(r)
2e(r)r2
(1− cos[η]) , η − sin[η] = [−2e(r)]
3/2r3
M(r)
[t− tb(r)]. (6)
The redshift along the null geodesic is given as [32]
dz
dr
=
(1 + z)R,rt|ng√
1 + 2e(r)
, (7)
where |ng denotes that the function is evaluated along the null geodesic, where ds2 = dθ2 = dψ2 = 0. That is,
R,rt|ng = R,rt(t(r), r), where function t is solved from the differential equation for incoming light rays:
dt
dr
= − R,r√
1 + 2e(r)
. (8)
The redshift drift describes how the redshift ze of an observable at re changes in observers time t0(= t(0)) and is
given as [22]
dze
dt0
= (1 + ze)
∫ re
0
R,ttr|ng√
1 + 2e(r)
1
1 + z
dr, (9)
where
R,ttr = −M,r(r)
R2
+ 2
M(r)
R3
R,r +
Λ
3
R,r. (10)
1 We aim to address to the issues by constructing solutions which are less inhomogeneous than those previously presented in the literature.
If such scenarios cannot be found within the case where the observer is at the origin, it is unexpected to find them from the off-center
solutions either.
4Redshift is necessarily evaluated along the null geodesic and hence we have suppressed the notation |ng in conjunction
with z.
The apparent horizon (AH) is the hypersurface in space-time where dR(t|ng, r)/dr = 0 [32]. Taking the derivative
and substituting Eq. (8) in yields the AH condition
2M(r) +
Λ
3
R|3ng −R|ng = 0. (11)
In this paper, we shall use the gauge
M(r) = M0r
3. (12)
However, instead of choosing a value for the constant M0, we fix R(t0, r)/r|r=0 = 1 to fully employ the gauge degree
of freedom. The benefit of this can be seen by consulting Appendix A and rewriting Eq. (2) at the origin as
H20 = 2M0 + 2e0 +
Λ
3
, (13)
where e0 = e(0), H0 = H(t = t0, r = 0) and H(t, r) = R,t(t, r)/R(t, r). This equation has evident resemblance to the
Friedmann equation and therefore gives intuitive conception for the constants M0, e0 and Λ.
Even though the more modern parametrizations, the q-scalars and their fluctuations, definitely have their benefits
[33, 34], we shall use the old metric variables (Eq. (1)) for the following reason. This paper aims to find a method of
reducing the amount of inhomogeneity in the LTB models (also by including Λ). The studies motivating this paper
(presented in the Introduction) have used different metric variables and gauges, which makes it cumbersome to define
the amount of the inhomogeneity in these models. In this paper, the approach to confront the SNIa data similar to
that in Refs. [17, 19, 35] and because the origin conditions are simpler to process using the same variables as in the
two latter ones, we choose to use the same metric variables as they do.
III. THE METHOD OF SMOOTHENING THE INHOMOGENEITY IN THE ΛLTB MODELS
For the reasons described in Introduction, we aim to reduce the inhomogeneity of the LTB models compared with
those previously presented in the literature while still remaining compatible with SNIa observations. Below we shall
describe the method we use to obtain such smoothed inhomogeneity and give a quantitative measure for the allowed
size of inhomogeneity. We shall also discuss the observational capabilities in the future observations, which we shall
use later when presenting our results.
Consider an observable at re emitting light which we observe redshifted as ze. If the system is approaching a state
where the redshift sets in a constant value at re and ze is close to that value, we may not be able to distinguish the
evolving of the redshift due to our limitations in cosmological observations. If this takes place for all observables at
some range of redshift (or coordinate distance), the observed luminosity distance, DL(z), covering that range would
also remain unaltered as time passes. Consequently, we cannot predict the form of the bang time function covering
the range in question due to the uncertainties in the observations and therefore this scenario adds freedom to adjust
the bang time function according to other observations. For example, it has been shown that the SNIa data can be
modeled using an LTB model where the curvature is homogeneous but the bang time is not [19]. If the redshift drift
would be approximately zero at the redshift range covering the SNIa sample, changing the bang time function would
not alter the luminosity distance enough to be observationally significant.
In the LTB space-times, the angular diameter distance, DA, is related to the luminosity distance as DL(z) =
(1+z)2DA(z) [36] and DA(z) = R(t(z), r(z)) = R|ng, where t(z) and r(z) are solved from Eqs. (7) and (8). To ensure
the fit of our model to SN Ia data, we impose the LTB model to have the Friedmanian angular diameter distance
DA =
1
(1 + z)HF0
∫ z
0
dz′
ΩFm(1 + z
′) + ΩΛ
, (14)
which for ΩFm = 0.295 and Ω
F
Λ = 1 − ΩFm is the luminosity distance of the best fit flat ΛCDM model for SNIa data
[37]. Different studies give different best fit values for the Friedmannian Hubble HF0 . For example, the local Hubble
measurement in Ref. [38] gives the best fit HF0 = 73.8 ± 2.4 km s−1 Mpc−1 whereas the Planck collaboration [39]
reports a lower best fit value HF0 = 67.8± 0.9 km s−1 Mpc−1. In this paper, we shall use the value HF0 = 70 km s−1
Mpc−1 unless otherwise noticed.2
2 The exact value of HF0 turns out not affecting the results qualitatively as our numerical investigations indicate that the results are not
sensitive to HF0 value.
5Imposing R to be the angular diameter distance (14) and taking its derivative along the null geodesic with respect
to r, we find
dR|ng
dr
=
dDA
dz
dz
dr
. (15)
On the other hand, along the null geodesic we also have
dR|ng
dr
= R,t|ngt,r|ng +R,r|ng. (16)
When Λ = 0, the differential equations (7), (8), (15) and (16) consist of the functions M(r), e(r), z(r), R(r), t(r),
tb(r) and their derivatives with respect to r along the null geodesic. Employing Eq. (12) to fix the gauge degree of
freedom, we still need one more equation to close the system. We shall choose this equation according to the situation.
When Λ 6= 0, we cannot give R(t, r) in algebraic form and as a consequence the equations are no longer dependent
on tb, but instead on R,r. We use Eq. (16) to eliminate R,r from the equations. Nevertheless, an extra equation is
required to close the system also in this situation and we shall choose this equation accordingly.
A. Vanishing redshift drift
The redshift drift can vanish only if the integral in Eq. (9) is zero. This is true for all positive r ≤ re only if
R,ttr|ng = 0 for all 0 ≤ r ≤ re. However, in Appendix A we show that R,ttr|ng is zero at the symmetry center only for
special conditions and in general R,ttr|ng 6= 0 there. On the other hand, the SNIa sample used in Ref. [37] covers the
redshift range 0.01 < z < 1.2, hence the redshift drift does not necessarily need to be zero for z < 0.01. Consequently,
it is sufficient to require that both R,ttr|ng and the integral in the redshift drift equation become zero at some critical
value rc, corresponding to the critical redshift z(rc) ≡ zc ≤ 0.01, and R,ttr|ng remains zero for r > rc. This ensures
that also the integral is zero for r > rc. Therefore, it is convenient to divide the redshift drift Eq. (9) into two parts
as
dz
dt0
= (1 + z) [F0c + Fce] , (17)
where we have defined
F0c ≡
∫ rc
0
R,ttr|ng√
1 + 2e(r)r2 (1 + z)
dr, 0 ≤ rc, R,ttr(t|ng, r)|r=rc = 0, F0c(rc) = 0, (18)
Fce ≡
∫ re
rc
R,ttr|ng√
1 + 2e(r)r2 (1 + z)
dr, rc ≤ r ≤ re, R,ttr|ng = 0. (19)
This division enables us to investigate the qualitatively different parts, F0c and Fce, separately.
If Fce cover the same range of redshift as the SNIa sample, the redshift drift can vanish there too. We employ the
results of Ref. [37], where the range is 0.01 < z < 1.2. The function of the term F0c is to ensure zero redshift drift at
some rc and is unnecessary if rc = 0. In Appendix A we show that this takes place when
M0 =
Λ
3
. (20)
Strictly speaking, it is not a necessity that R,ttr|ng is exactly zero at 0.01 < z < 1.2, but it is sufficient that R,ttr|ng
tends to zero and is close enough along the current null geodesic due to our limitations in observational accuracy. By
close enough we here mean that our observational limitations would no longer be able to distinguish the evolution of
DL(z).
B. The amount of inhomogeneity
We aim to find less inhomogeneous LTB models compared with those usually presented in the literature. The
amount of inhomogeneity is cumbersome to define because different studies have used gauges and different functions
to characterize the inhomogeneity. Nevertheless, it appears that at least one of the functions characterizing the radial
inhomogeneity has tens of per cents difference between its minimum and maximum values in the models presented
6in the literature. For example, in Ref. [3], where the fine-tuning issue was first acknowledged, two models are
considered and the inhomogeneity of their models can be characterized by dividing the relative matter density outside
the underdensity by its value at the center, which for their Model I gives 5 and for their Model II gives 4. In Ref. [12],
where the fine-tuning issue was confirmed for a different type of void, two different sets of best fit parameters were
found corresponding to two different SNIa samples. Dividing the relative matter density outside the underdensity
by its value at the center in this case yields the values 4.6 and 7.7 for the different SNIa data sets. The contrast
in both studies is hundreds per cents, which appear typical for the papers where the LTB model is used to model
the universe from the surface of last scattering to the present time. Naturally, if a narrower redshift range covered,
the inhomogeneity contrast reduces. For example, the authors in Ref. [12] found the best fit values of the inside
and the outside matter densities of the void for one of the SNIa samples to be 0.16 and 0.29, respectively, hence
their ratio is 1.81 and the inhomogeneity is only tens of per cents. However, large inhomogeneity is also used to
model SNIa data: in Ref. [17] the ratio of the present matter density corresponding to redshifts 1.6 and 0 is 4.7
whereas the author in Ref. [35] found e(z = 1.6)/e(0) ≈ 0.18 for the same redshifts. We note that these two results
corresponds to the same physical system, the only difference is the chose gauge and the functions characterizing the
inhomogeneity. Consequently, these numbers, or actually 1/0.18 ≈ 5.6 and 4.7, is a representation of the effect of the
gauge choice and whether we compare matter density or curvature. In the case of non-zero cosmological constant,
the conservative approach used in Ref. [15] was not able to rule the inhomogeneity of ∼ 15% out with observations,
but less conservative approach was able to lay more stringent constraints [23].
In this paper, we concentrate our investigations on the range z ∈ [0, 1.2] and based on the above discussion we
restrict our studies by constraining the curvature as∣∣∣∣e|z=1.2 − e0e0
∣∣∣∣ <∼ 0.1, (21)
independently on the value of the cosmological constant. This constraint appears quite stringent, because the models
used here have the same luminosity distance - redshift relation as in the models used in Refs. [17] and [35], where
e|z=1.6/e0 = 0.18. Therefore, we allow a moderate violation of the constraint.
C. Observational prospects
The redshift drift predicted by the ΛCDM model should be in our observational reach within decades. The Lyman-α
forest appear to be the best candidate [40], [41] for the accurate measurement of the frequencies of visible light. These
observations cover the high redshift z >∼ 2 region, whereas the radio sources for 21 cm hydrogen absorption systems
can be used to obtain the redshift drift for z < 2 [42]. The expected resolution in these future surveys is of the order
dv
dt0
∼ 10−1 cm
s× yr , (22)
where the acceleration of a given object is defined as
dv
dt0
≡ c
1 + ze
dz
dt0
. (23)
We shall present our results in the units of cm/s/yr to make them comparable with our observational capabilities.
IV. THE MODELS
The redshift drift converges to zero, if Fce → 0 as t→∞. Furthermore, Fce tends to zero when R,ttr|ng does, which
can occur in three scenarios that we refer to as the big universe, the static universe, and the bizarre universe. By the
big universe we mean the scenario where
R|ng →∞, Λ = 0, (24)
as t →∞ for all r ∈ [rc, re]. The big universe is of interest because it represents the LTB cases. The static universe
is the case where R|ng and R,r|ng approach to functions c1 = c1(r) and c2 = c2(r) as
R|ng → c1, R,r|ng → c2, −M,r(r)
c21
+ 2
M(r)
c31
c2 +
Λ
3
c2 = 0, (25)
7as t → ∞ for all r ∈ [rc, re]. This scenario includes the ΛCDM model as a special case. In Ref. [22] was shown that
the ΛCDM model contains no location re where the redshift drift remains zero, hence it is interesting to find out if
this would change for by introducing small inhomogeneity using the ΛLTB models. Furthermore, this case includes
also pure LTB models (when Λ = 0), but these scenarios differ from the ones in the big universe as here the negligible
redshift drift is obtained by a suitable cancellation in R,ttr|ng, whereas in the big universe all the components decreases
individually. The bizarre universe is characterized by the conditions
R|ng →∞, R,r|ng → 0, R,r|ng
R|3ng
→ 0 (26)
as t→ 0 for all r ∈ [rc, re]. This universe is bizarre because it is expanding in the angular direction while contracting
in the radial direction.
A. The static universe
As defined in Eq. (25), by the static universe we refer to the case where R and R,r tend to constant values for all
r ∈ [rc, re] so that the terms on the right hand side of Eq. (10) suitably cancel at the asymptote. From Eq. (2) we
see that R can approach zero while time tends to infinity. Consider an observable emitting light at re. The angular
diameter distance to that object, DA(re), is obtained from Eq. (2) as∫ t(re)
tb(re)
dt =
∫ DA(re)
0
dR√
2M(r)/R+ 2e(r)r2 + ΛR2/3
. (27)
As the integral on the left hand side grows to infinity, the integral on the right hand side tends to a constant if the
square root converges to zero. For a growing R, this can take place only if e or Λ or both are negative.
As mentioned above, one more equation is required to close the system. We shall impose the equation
R,ttr|ng√
1 + 2e(r)
1
1 + z
= f(r), (28)
where f(r) is a step function
f(r) =

f0 − f0β r r ≤ 32β
−f0 + f03β r 32β < r ≤ 3β
0 3β < r,
(29)
where we choose the parameter β so that zc = 0.01 and f0 = R,ttr(t0, 0).
The set of Eqs. (7), (8), (12), (15), (16) and (28) contains the undetermined free parameters3 ΩFm, H
F
0 β, M0 and
Λ. We numerically solve the system by first fixing ΩFm, H
F
0 and M0 (or Λ) and then using trial and error to find the
correct values for β and Λ (or M0) so that zc = 0.01 and the AH condition (11) is satisfied. We found that for each
set (ΩFm, H
F
0 ,M0) (or (Ω
F
m, H
F
0 ,Λ)) there is only one set (β,Λ) (or (β,M0)) that met the conditions.
We imposed ΩFm = 0.3 and H
F
0 = 70 and studied the system numerically by varying the free parameters Λ,
M0 and β; the results are given in Table I. The cosmological constant is constrained from above for positive M0:
Λ <∼ 1.1(HF0 )2. The maximum value Λ ∼ 1.1(HF0 )2 corresponds to small M0 values and Λ decreases as M0 increases.
For Λ ∼ 1.1(HF0 )2, the AH condition is considerably more sensitive to the value of Λ compared with the value of
M0; only fractions of change in Λ imposes orders of magnitude changes in M0, as can be seen on Table I. This
sensitivity difference level off when M0 increases and turns around when M0 is of the order ∼ 104(HF0 )2. However,
the inhomogeneity of e(r) increases along with M0, thus we study only the case of non-negative cosmological constant
further.
For Λ > 0 we need e < 0 to enable R to converge to a constant for all r ∈ [rc, re]. It turns out convenient to define
a parameter χ as
χ3 = 3
M0
Λ
, (30)
3 As shown in Appendix A, the value of e0 is determined if M0, Λ, and HF0 are given, hence we do not consider e0 here as a free parameter.
8TABLE I: The results of the numerical analysis of the static universe model (Eq. (25)) characterized by ΩFm = 0.3 and
HF0 = 70. The AH is located at the angular diameter distance RAH = 1.74472 Gpc and the AH condition is satisfied for each
set of parameters by the accuracy ∼ 10−6. The values of Λχ2 + 2e corresponds to coordinate distances at rc ≤ r ≤ rAH and
3β = rc.
Λ/(HF0 )
2 M0/(H
F
0 )
2 e0/(H
F
0 )
2 eAH/(H
F
0 )
2 rAH [Gpc] Λχ
2 + 2e(r) z(rc) β [Mpc]
1.100446 3.123000× 10−4 0.31628 0.00215794 36.3663 ≥ 44.2067 0.0100412 150
1.10012(= 3M0) 0.366706 −0.050059 0.240929 3.44587 ≥ 4900 0 -
1.1001017 0.5 −0.18335 0.295413 3.10873 ≥ 6053 0.0100387 12.8
0.82 75863.4 −75863.0 1105.78 0.0586031 ≥ 311534. 0.0100121 0.459
0.81 75802 −75801.6 1120.25 0.0585791 ≥ −1607.35 0.0100486 0.465
0.001 89756.38 −89755.9 2112.78 0.0562716 ≥ −3.10893× 107 0.0100328 0.66
0 89798.1 −89797.6 2118.09 0.0562408 - 0.0100309 0.66
−0.001 89839.92 −89839.4 2115.72 0.0562600 - 0.0100289 0.66
−3 94741.78 −94740.8 6279.34 0.0581723 - 0.010023 0.965
because it can be used to characterize the value of R,ttr at the origin (compare Eqs. (20) and (30)) and it can be
used to evaluate whether a model can converge on a state where R tends to a constant value. The latter is obtained
as follows. Consider an observable at a constant radial coordinate distance re. As R increases from zero in time, R
2
,t
(which is the function inside the square root in Eq. (27)) takes its minimum value at
R = χr.
Substituting this and (30) into R2,t yields its minimum value R
2
,t|min = Λχ2 + 2e. If Λχ2 + 2e is positive, R can not
converge to a constant, hence the condition for R to approach a constant value is
Λχ2 + 2e ≤ 0. (31)
Table I manifests that this condition is satisfied only in the cases where the condition for maximum inhomogeneity
(21) is severely violated. The lowest Λ for which the condition (31) is satisfied for some r ∈ [rc, rAH ] lies at 0.81(HF0 )2 <
Λ < 0.82(HF0 )
2. The exact value is dependent on β and how accurately the condition zc = 0.01 is met using the
numerical methods. These results are unexpected for two reasons. First, we should not obtain any solutions by
demanding that the redshift drift is exactly zero for z ∈ [0.01, 1.2], because, according to our reasoning, this can
take place only if the right hand side of Eq. (27) is singular. Second, we presupposed that dz/dt0 → 0 if R tend to
constant, but the cases where Λ > 0.81(HF0 )
2 represents counter examples. We reanalyzed the scenario by considering
approximately zero redshift drift for z ∈ [0.01, 1.2], but the results did not considerably differ from the exact zero
case. This can be understood by plotting R,t|ng (which is the square root in Eq. (27)): one would expect R,t|ng to be
a decreasing function along the null geodesic until rc and remain small thereafter. However, this does not occur for
any solution that has Λ < 0.82(HF0 )
2. This suggests the system is fixed so that the redshift drift is zero along the null
geodesic for the present observer but the state is not permanent and later (or earlier) observers would not have zero
redshift drift along their null geodesics. This type of behavior have been found from the ΛCDM model: (after the Λ
has started to dominate the Friedmann equation) there exists always one coordinate distance where the redshift drift
is zero along each observer’s null geodesic, but the coordinate distance changes in time [22].
Imposing the redshift drift to be approximatelly zero along the null geodesic of the present observer does not
induce smoothed inhomogeneous ΛLTB models that are compatible with the SNIa data. We note that this scenario
does not include the ΛCDM models as a special case, because here Λ <∼ 1.1(HF0 )2, whereas the ΛCDM model has
Λ ∼ 2.1(HF0 )2. Moreover, the LTB case, where Λ = 0, is unsuitable due to the vast inhomogeneity of e(r).
Let us consider another constraining equation, which imposes R,t|ng ≈ 0 in the range 0.01 ≤ z ≤ 1.2:
R,t|ng = g(r), (32)
where
g(r) =
{
HF0 − γr r ≤ rc
HF0 − γrc rc < r.
(33)
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FIG. 1: Solutions of the static universe scenario Eq. (24) with constraining Eq. (32) corresponding to different Λ values. In each solution,
HF0 = 70, Ω
F
m = 0.3, rc = 42 Mpc, ζ = −492857 and M0 and e0 are determined by the origin and AH conditions.
The parameter γ controls how close to zero R,t|ng settles. We numerically explored the case ΩFm = 0.3 and HF0 = 70
by varying the parameters M0, Λ, e0, and γ. As earlier, we used trial and error to find the parameter values which
satisfy the origin and AH conditions. The results are not qualitatively dependent on how accurately rc is fixed to
satisfy zc = 0.01 or how close to zero R,t|ng settles: the solutions do not impose dz/t0 ≈ 0, because the equality in Eq.
(25) is not met. This is illustrated in Figure 1: if the equality in Eq. (25) would hold, the curves R,ttr|ng would set
to constant for z ∈ [0.01, 1.2]. We note that this scenario includes the LTB and the ΛCDM models as special cases.
In conclusion, we were unable to find the constraining equations which satisfy the conditions for the static universe,
given in Eq. (25), while remaining compatible with the SNIa data. This is because the ΛLTB models do not include
enough degrees of freedom; Eq. (25) contains three conditions whereas the ΛLTB models left with one degree of
freedom to constrain.
B. The big universe
The big universe is defined in Eq. (24) and describes an ever expanding Universe without the cosmological constant,
which can take place only if the universe is para- or hyperbolic (see Eqs. (4), (5) and (6)). We studied the hyperbolic
scenario numerically by solving the differential equations (7), (8), (12), (15) and (16) by imposing different functions
for e, namely ei = ei(r). According to our numerical investigations, the AH and the origin conditions fix all the
parameters and functions for each set (ΩFm, H
F
0 , ei(r)), i.e. there is only one solution for given Ω
F
m, H
F
0 and ei(r) and
the value of M0 is obtained by trial and error. We explored the parameter space
0.2 ≤ ΩFm ≤ 0.4, 50 ≤ HF0 ≤ 90 (34)
using e(r) = e0. The redshift drift decreases along with decreasing Ω
F
m and H
F
0 , consequently we found the smallest
redshift drift corresponding to ΩFm = 0.2 and H
F
0 = 50. The redshift drift along the line of sight was qualitatively
independent on the parameters: dz/dt0 was in each case monotonically decreasing with respect to r as in Figure 2.
It should be recognized that for each solution tb(r) was a decreasing function. This is an adverse feature, because
the regularity of the origin forbits changing the age of the universe at the origin and thus the bang time function can
be changed only outside the origin, thus smoothening the bang time function would make the universe younger. For
example, if tb(r) is changed to constant, it is necessarily tb(0).
We investigated the case ΩFm = 0.2 and H
F
0 = 50 in more detail by imposing curves ei which are represented in
Figure 3 and in Table II. The curves were constructed to respect the condition (21) so that ei|z=1.2/e0 ≈ 0.9 or
ei|z=1.2/e0 ≈ 1.1 for each i ∈ {2, 7} and e1 = e0. The results are represented in Figure 2 and in Table II. The redshift
drift is weakly dependent on the curves ei, which is illustrated in the table by its values at z = 1.2. The dv/dt0
obtained using e2 is depicted in the left panel and two luminosity distances are drawn in the right panel of Figure
2. The solid line corresponds to the luminosity distance where the functions tb = tb(r), t = t(r), z = z(r), e = e2,
obtained by solving the Eqs. (7), (8), (12), (15), (16) and e = e2, whereas the dashed curve corresponds to the
luminosity distance obtained otherwise the same way, but the bang time function is replaced a constant function. The
two luminosity distances on Figure 3 differ from each other considerably but the reason for this is clear: as discussed
earlier, the two models have to have the same age in the origin and because Eqs. (7), (8), (12), (15), (16) and e = e2
yield a decreasing tb(r), setting tb(r) to constant makes the universe younger. Furthermore, the set of equations yield
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FIG. 2: The big universe scenario Eq. (24). The left panel. The solid curve is the redshift drift with e2 and parameters ΩFm = 0.2 and
HF0 = 50 in units cm s
−1 yr−1. For comparison, the redshift drift of the ΛCDM model (characterized by parameters ΩFm = 0.3 and
HF0 = 70) is drawn in the figure (dotted curve). The right panel. The solid curve is the luminosity distance with e2 and parameters
ΩFm = 0.2 and H
F
0 = 50, and the dashed curve represents how the luminosity would appear in the case of homogeneous bang time.
a decreasing tb(r) for each ei, i ∈ {1, 7}. Therefore, the system cannot be close to a state where the redshift drift is
zero and we conclude this scenario is enable smoothening the inhomogeneity of this LTB model.
The imposed ΛCDM luminosity distance has the disadvantage that it dictates e0 ∼ 0.3, whereas the corresponding
values vary in the literature. In particular, larger e0 values might reduce the redshift drift along the null geodesic
for the following reason. The limit R|ng → ∞ in Eq. (24) could be replaced by inequalities −M,r(r)/R|2ng  0.1
cm s−1 yr−1 and −2M(r)R,r|ng/R|3ng  0.1 cm s−1 yr−1. On the other hand, Eq. (13) implies that increasing
e0 decreases the ratio M(r)/R
3 at the origin. Furthermore, this state should remain outside the origin if e(r) is
sufficiently homogeneous. To analyze this scenario further, we should omit Eq. (15) and replace it with some other
equation to close the system. However, this would require fitting SNIa data to ensure the compatibility of the models
with the dimming of supernovae, which is out of the scope of this work. Therefore, this scenario remains without
further analysis in this paper.
We studied the parabolic scenario analogously by imposing e = 0. The origin conditions imply M0 = (H
F
0 )
2/2
and according to our numerical evaluation the AH condition is satisfied for all ΩFm ∈ [0.2, 0.4] and HF0 ∈ [50, 90],
i.e. there is only one solution for given ΩFma and H
F
0 and the value of M0 is obtained without trial and error.
However, the redshift is not a monotonically increasing function with respect to r and z = 1.2 was not achieved for
any ΩFm ∈ [0.2, 0.4] and HF0 ∈ [50, 90], which makes the scenario inviable.
C. The bizarre universe
The conditions characterising the bizarre universe are given in Eq. (26), stating that the redshift drift can converge
to zero if R and 1/Rr tend to infinity. However, we show this cannot take place at the AH and hence it is not credible
to hold at z ∈ [0.01, 1.2] either.
Taking the AH condition (11) and substituting Eq. (12) in, yields
M0 =
R
2r3
(
1− Λ
3
R2
)
(35)
Substituting this in the right hand side of Eq. (10), the first term becomes
3M0r
2
R2
= − 3
2Rr
+
ΛR
2r
, (36)
which converges to infinity along with R, whereas the other terms in (10) tend to zero if R→∞. Thus, the redshift
drift converges to infinity as R→∞ at the AH.
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FIG. 3: Representation of the e(r) curves used to study the big universe (Eq. (24)) characterized by parameters ΩFm = 0.2 and H
F
0 = 50.
The functions ei are explicitly presented in Table II.
V. CONCLUSIONS
We have studied the possibility of constructing less inhomogeneous LTB models than usually presented in the
literature to gain models viable to overcome the fine-tuning and observational issues of the LTB models. Moreover,
we included non-zero cosmological constant in the equations to cover a more general class of models. We imposed
the models to mimic the ΛCDM luminosity distance to ensure good fit to SNIa data. The new method constraining
the degrees of freedom in these models is the novelty of our approach. In addition to constrain them with ansatzes,
we considered also well-motivated constraining equations. The idea behind the constraint was that if the luminosity
distance does not change in time (the redshift drift is zero), we will not be able to know how long it has been so and
therefore we do not know the age of the universe. Consequently, if we find one solution with a specific age profile,
the same solution should apply also for less inhomogeneous and older age profiles. We found three scenarios viable
to include smoothed inhomogeneity models, which we refer as the big universe, the static universe and the bizarre
universe. We investigated these scenarios further using analytical and numerical methods.
The ΛLTB models have not been investigated without priors from the ΛCDM or LTB models. In Refs. [15, 23]
the aim is to establish the Copernican principle, whereas in [24] aimed to find the best fit ΛLTB model. However,
they fix the steepness of the void to be related to the radius of the void so that a good fit between the SNIa data
and the LTB models is guaranteed. This can bias the results to favor the LTB models (and ΛCDM models when the
void is small enough) over the ΛCDM models with an unexpected value of Λ. Therefore, the results of our analysis
of the ΛLTB cannot be anticipated, even though we use the ΛCDM luminosity distance which can be accounted as a
ΛCDM prior.
The big universe scenario can take place only in the absence of the cosmological constant, hence it includes only
the LTB models. There was no obvious way to find constraints that would lead to smoothed inhomogeneity. Thus,
we studied how different luminosity distances and curvature profiles affect the smoothening. We found that they
have very little effect and we were unable to find less inhomogeneous models compared with those presented in the
literature within this scenario. Two main reasons were identified: the redshift drift was not zero and we were unable
to modify the solutions so that they would become both less inhomogeneous and older at the same time. The latter
reason arises because the age of the universe is fixed at the origin and the bang time function was a decreasing function
in all of the implemented numerical solutions. Thus, we cannot reduce the inhomogeneity by making the universe
older, but making it younger. Imposing the universe to be younger means less time for the universe to evolve and is
the opposite we were looking for to support our idea behind the scenario. However, we were unable to investigate the
case of the curvature dominated universe due to the limitations of our assumptions. Simple analytical considerations
imply that increasing the curvature would decrease the redshift drift. On the other hand, there is no guarantee that
the redshift drift becomes small enough and furthermore, these models are required to have an increasing bang time
function, unlike all the solutions we obtained for the dust dominated scenarios. Therefore, we reckon that smoothed
inhomogeneity is hardly obtained with this scenario.
The static universe was of particular interest because we were able to provide novel type of constraining equations
for the free functions of the ΛLTB models and this scenario included the LTB models and radially inhomogeneous
ΛCDM models. We considered two constraining functions: one imposes the redshift drift to be zero along the null
geodesic in the range 0.01 ≤ z ≤ 1.2 and the other sets the time derivative of the angular diameter distance close to
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TABLE II: The results of the numerical analysis of the big universe model characterized by Eq. (24) and the parameters
ΩFm = 0.2 and H
F
0 = 50. The AH is located at zAH = 1.76307, where RAH = 2.67827 Gpc and the AH condition is satisfied
for each ei(r) by the accuracy ∼ 10−6.
ei(r) e0/(H
F
0 )
2 M0/(H
F
0 )
2 rAH [Gpc]
dz
dt0
|z=1.2 [km s−1Mpc−1] dvdt0 |z=1.2 [cm s
−1 yr−1]
e1 = e0 0.3159 0.1841 6.39322 −13.3192 −0.185622
e2 = e0(1 + 4.5r) 0.3073 0.1927 6.29624 −13.2216 −0.184261
e3 = e0(1− 4.5r) 0.3310 0.1690 6.57928 −13.4808 −0.187874
e4 = e0(1 + 220r
2) 0.3081 0.1919 6.30601 −13.2344 −0.18444
e5 = e0(1− 210r2) 0.3300 0.1700 6.56542 −13.4373 −0.187268
e6 = e0(1 + tanh[1000r]/10) 0.3044 0.1956 6.26518 −13.3443 −0.185972
e7 = e0(1− tanh[1000r]/10) 0.3337 0.1663 6.61468 −13.3524 −0.186084
zero in the same range. The numerical investigations implied that the scenario with the former constraining function
is plagued by an enormous inhomogeneity of curvature (the LTB model is included in these scenarios) or cannot
become static (R does not tend to a constant in time for any rc ≤ r ≤ rAH . Furthermore, it turns out that the
radially inhomogeneous ΛCDM model is excluded from these scenarios, because the maximum dark energy density at
the symmetry center is ≈ 0.37, whereas for the ΛCDM model it is ≈ 0.7. On the other hand, the latter constraining
function was unable to make the redshift drift disappear, regardless of the value of Λ (this scenario included both the
LTB and the ΛCDM models as special cases). We were unable to impose both constraining equations simultaneously
due to the lack of degrees of freedom in the ΛLRB models and conclude this to be the main reason why the static
universe does not include smoothed inhomogeneous models.
The bizarre universe has the peculiar feature that it is expanding in the angular direction while contracting in the
radial direction. We analytically showed that this cannot hold at the apparent horizon at z ≈ 1.6. Therefore, it
appears implausible to hold at z ∈ [0.01, 1.2] either.
In summary, the inhomogeneity of the ΛLTB models compatible with the SNIa data cannot be substantially reduced
by employing the method used here. Therefore, the observational and fine-tuning issues of the LTB models remain
unsolved and we presume they cannot be solved using the ΛLTB models. However, the novel method introduced here
can be applied to more general models, like the Szekeres models or the LTB models accompanied with a dynamical
dark energy component. Moreover, more general models can be expected to give positive results, albeit it is not
possible to reduce the inhomogeneity in the ΛLTB models; more general models contain more degrees of freedom and
at least by that part are better candidates than the ΛLTB models. We shall leave the generalization to future work
and expect our method a powerful theoretical tool for probing models without data fitting.
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Appendix A: Origin Conditions
Break down of the numerical procedure was encountered at the origin when solving the system of Eqs. (7), (8), (12),
(15), (16) and an additional equation chosen according to the situation. We used linear approximation in the vicinity
of the origin to avoid the numerical difficulties. Next, we shall present the linear approximations of the functions R,
e, t and z with respect to the origin, where the additional equation is Eq. (28).
In this appendix, all the functions are evaluated along the null geodesic and the prime ′ denotes differentiation
along the null geodesic with respect to the argument r.
We began by defining R(t|ng, r) = A(r)r and rewriting Eqs. (7), (8), (12), (15), (16) as
0 = −z′(r) + a1 + a2re
′(r)
a3
, (A1)
0 = t′(r) +
R,r|ng
a3
, (A2)
0 = a5rA
′(r) + a5a7 + a6z′(r), (A3)
0 = −rA′(r)− a7 + a8rt′(r) +R,r|ng, (A4)
0 = a9 −R,r|ng. (A5)
where
a1 =
(z(r) + 1)
(
6A(r)2e(r) + 9M0A(r) + ΛA(r)
3R,r|ng − 3M0R,r|ng
)
√
3A(r)2
√
6M0
A(r) + ΛA(r)
2 + 6e(r)
, (A6)
a2 =
√
3(z(r) + 1)√
6M0
A(r) + ΛA(r)
2 + 6e(r)
, (A7)
a3 =
√
2r2e(r) + 1, (A8)
a5 = H
F
0 (z(r) + 1), (A9)
a6 = rA(r)H
F
0 −
1√
(z(r) + 1)3ΩFm − ΩFm + 1
, (A10)
a7 = A(r), (A11)
a8 =
√
2M0
A(r)
+
1
3
ΛA(r)2 + 2e(r), (A12)
a9 =
3M0/A(r)
2 + f(r)[z(r) + 1]
√
2r2e(r) + 1
2M0/A(r)3 + Λ/3
. (A13)
We eliminate R(t|ng, r) from the Eqs. (A1)-(A5) and some simple manipulation yields
e′(r) =
a5a9 (a8r − a3)− a1a6
a2a6r
, (A14)
z′(r) =
a5a9 (a8r − a3)
a3a6
, (A15)
15
A′(r) =
a9 − a7
r
− a8a9
a3
, (A16)
t′(r) = −a9
a3
. (A17)
By definition, z(0) = 0. Remembering that R|ng = DA and using the L’Hopital’s rule, we find
lim
r→0
DA
r
= lim
r→0
z′(r)
HF0
. (A18)
In general, z′(r)|r=0 6= 0, hence R|ng ∝ r at the origin. On the other hand, because we fixed the gauge by choosing
(12) and R|ng/r|r=0 = 1, this gives A(0) = 1 and furthermore z′(r)|r=0 = HF0 .
The first term on the right hand side of Eq. (A16) is not singular at the origin if limr→0 a9 − a7 ∝ r. This takes
place only if
f(0) =
1
3
(Λ− 3M0) . (A19)
The lowest order approximation of Eq. (A1) (or (7)) with respect to origin yields
HF0 =
√
2M0 + 2e0 +
Λ
3
, (A20)
where e0 = e(0). We used this equation to give e0.
The limit r → 0 of both sides of Eqs. (A15)-(A17) can now be taken and solving the obtained equations yield
A′(r)|r=0 = − 9M0H
F
0
2 (6M0 + Λ)
(A21)
e′(r)|r=0 =
HF0
(
3(HF0 )
2
(
6M0
(
3ΩFm − 1
)
+ Λ
(
3ΩFm + 2
))− 2 (Λ− 3M0) 2)
12 (6M0 + Λ)
(A22)
t′(r)|r=0 = −1 (A23)
It is now straightforward to see that Eq. (A20) the lowest order approximation of Eq. (2), too. The age of the
present-local universe, T0 = t0 − tb0 , is obtained by integrating Eq. (2) as
T0 =
∫ 1
0
dx√
M0
x + 2e0 +
Λ
3 x
2
. (A24)
The results are invariant of the value chosen for tb0 , but choosing this fixes t0 via T0, and vice versa.
The values of R, e, t, z and their derivatives are now given at the origin with respect to parameters M0 and Λ. The
parameters are to be chosen so that the AH condition (11) is satisfied.
Analogous methods were used to linearize the equations with respect to origin regardless of the constraining function.
In particular, in Section IV B, equation for e was imposed instead of Eq. (28) to close the system. Moreover, the
solution of R(t, r) is known (see Eqs. (4)-(6)), hence we were able to express R,r|ng with respect to M , e, t and tb.
Consequently, we linearized also tb with respect to the origin in an analogous manner than above.
